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Experimental observation of phase synchronization
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An experimental observation of phase synchronization is presented for two unidirectionally coupled chaotic
Rossler systems. We show that in this case phase synchronization is connected with generalized synchroniza-
tion which occurs when the coupling strength exceeds a critical Y&8lL@63-651X96)03408-3

PACS numbdis): 05.45+b, 47.52:+j

The synchronization properties of uni- or bidirectionally tionally coupled Resler systems2) and(3) that have been
coupled chaotic systems currently is a topic of active reimplemented on an analog computer:
searcH 1-8]. Numerous investigations have shown that there

exist not just a single way how nonlinear systems may oscil- ax;=2+xy(X,—4),
late in synchrony but different degrees of synchronization. _
The strongest notion of synchronization requires that the dif- AXp= ~ X177 W1X3, @)

ference of the state vectors of the coupled systems converges
to zero in the limitt— . This definition is most widely used
and will be calledidentical synchronizatiorilS) in the fol-
lowing. On the other hand it is also possible that the state

CY).(3= (1)1X2+ 0412(3,

ay;=2+y1(y,—4),

vectors of the coupled systems dgsymptotically related ayr=—Y1— woy3, 3)
by some(possibly complicatedfunction [9—11]. This type

of synchronization is calledyeneralized synchronization ay3=wyy,+0.41% 3+ C(X3—VY3).

(GS) and occurs, for example, with uni-directionally coupled

systems if the response system is a passive syftem it The parameters,=1 andw,=1.1 determine the mean

possesses only negative conditional Lyapunov expohentgotation frequency around the center of the attractors of the
[11]. Another example of synchronization is the so-calleddrive and the response system, respectively, ard.013
phase synchronizatiofS that has been discovered for cha- gives the parametrization of time due to the hardware of the
otic systems only recently by Rosenblwhal.[12]. In order  analog computer. The attractors have been reconstructed
to describe this phenomenon a suitable phase variable hasfiom time series(16 bit resolution, 1 kHz sampling fre-

be defined for the systems of interest. This can be done heguency of the x, and they, variable using the method of
ristically for strange attractors that spiral around some pardelays and are shown far=0 in Fig. 1. From these recon-
ticular point(or holg in state space like the Rsler attractor structions the mean rotation frequencies have been extracted
shown in Fig. 1. In such a case, a phase amffle can be based on time series of 32 k lengths. For the case of no
defined that de- or increases monotonically. Phase synchreoupling given in Fig. 1 both rotation frequencies are differ-
nization of two coupled systems occurs if the differenceent due to the different parametess =1 and w,=1.1 in
|p1(t)— po(t)| between the corresponding phases isEgs.(2) and(3). This difference still exists for sufficiently
bounded by some constafl3]. Using the phase angle small values of the coupling parameteias can be seen in
¢(t) one may define a mean rotation frequency

61
. é(t) 4 _
Q=I|meT. N 8 5] 8
I :
In the case of PS, this mean rotation frequency is the same " -2 a
for the drive and the response system, i.e., also for chaotic B
systems PS leads to the frequency entrainment known from 4 -2 0 2 4 &
coupled periodic oscillations. Note that PS does not imply X(t) va(t)
IS, i.e., the amplitudes of both systems can be completely
uncorrelated12]. FIG. 1. Delay reconstruction of the attractors of the driag

In the following we present an experimental observationand the response systehy given by Eqgs(2) and(3), respectively.
of PS and show that in this case PS is a consequence of GBoeth time series were generated experimentally using an analog
Furthermore, we show how PS manifests itself in the powetomputer. The mean rotation frequenciesQre=11.82 Hz(a) and
spectrum. The experimental system consists of two unidirece,=13.62 Hz(b).
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FIG. 2. Mean rotation frequenci€3; (dashed and Q, (solid) (o[ S L — el
ip Hz vs the coupling parameter Forc>.0.18 ph{ase synchroniza- 000 0.10 020 030 040 050
tion occurs and both rotation frequencies coincide. c

; ; FIG. 4. Power spectrurffrequency axis vertical in Hz, ampli-
Fig. 2 where the mean rotation frequencies (dashegland tudes gray scalgaf the response systefieft) and the driveright)

Q, (solid) are plotted vsc. At c~0.18 the response system ;
" : s coupling parameter.
undergoes a transition to a new phase synchronized stalg

where the mean rotation frequencies of the drive and th%f topological quantities like the rotation around a hole or

reslgonse gow;]ude. he oh differenaes— singularity in the attractor have to be the same. The oscilla-
igure 3 shows the phase differendeb=¢1—¢, as @  jong of the amplitudes may be linearly uncorrelated due to

function of time fo_r different value_s of the coupling qonstant the possibly complicated structure of this nonlinear function,
c. For small coupling ¢=0.1) A ¢ increases almost linearly but the phase differences are bounded.

in time. As soon as PS occuts¢ undergoes a bounded 14 check for which values of the coupling parameter
chaotic oscillation ¢.:O.'2)‘ ) GS occurred in our experiment we applied the method of
Phase synchronization can also be observed in the POWgEarest neighborfl0,14 to detect the existence of a con-
spectrum of the response system as shown in Fig. 4. Thg, o5 function relating states of the drive to states of the
main spectral components given by the dark lines move Qggn4nsd15). The states of drive and response were recon-

the dominant frequencies of the drive that are shown in they,\cteq fromx, andys,, respectively, in a three-dimensional
power spectrum plotted in the bar on the right-hand side. Th@tate space with a delay df=0.02. If the reconstructed

frequency entrainment is clearly visible, but the thresholdStates U= t t t of the response
value for PS cannot be uniquely determined from the spec(tn:ntl) ar[eyg(ivrgﬁyg(snz;1<):,oynzt(in'lj_02£ functidriv") o? the

trum. n_ i
. . . statesv"=[X,(t,),Xo(tn_1),X>(t,_»)] of the drive, then an
We shall now discuss the_me_chamsm gnderlylng the pher']eighborirEgzs(targesz((n"q alr)e n%lsagpé)d] to neighbors ¢t. As ay
fiomenon of phase synchronization. ConS|dgr again th? €AY%umerical indicator for the existence of a continuous func-
_tlons(3) of the response system. If the coupl_mg cons@mst i \ve have selected the nearest neigbdf of u" for
increased starting from zero a new terpatys; is introduced n=1,... N and have computed the average distance of the
that makes this system a passive systemcfor0.18. We ! '

have checked this numerically by comouting the largest ngorresponding image points' andv™". This mean distance
ave checke s hume cacy y computing the 1argest cong images of nearest neigbors was normalized by the average
ditional Lyapunov exponent; as a function ot. As can be

o c ) ) distanced of randomly chosen states of the response system:
seen in Fig. 5\7 is negative forc>0.18. This means that the

response system becomes a passive system and generalized 1 N
synchronization occufd 1], i.e., asymptotically fot— = the d= N_52 [V =V 4
states of the response system are a function of the states of n=1

the drive system. Due to this strong relation the mean valuethe result of this continuity test is plotted in Fig. 6 vs the
coupling constant.
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FIG. 5. Largest conditional Lyapunov exponexit of the re-
FIG. 3. Phase differencA ¢=¢,— ¢, vs time for two repre-  sponse syster(8) vs coupling constant. For c>0.18,\<0 and
sentative cases=0.1, no PSc=0.2, PS. the response system is passive.
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close neighbors of the drive are mapped to close neighbors

1.2

104 of the response. Tests for PS thus provide a more sensitive
0.8 indicator for GS than nearest neighbors methods in those
< 0.6 cases where they may be applied.
0.4 To conclude, we have presented an experimental observa-
g;g‘; tion of phase synchronization and generalized synchroniza-
oo o|1 """"" sz """"" 03 tion for a system of two unidirectionally coupled” ssber
c systems. In this case, a close relation between phase synchro-

nization and generalized synchronization has been estab-

lished with interesting consequences for both PS and GS. In
tal data. Plotted is the average distamcdefined in Eq.(4) vs c. general G.S leads always to PS if one can define a swtab!e
Nearc=0.18 the quantity decreases indicating the occurrence of phase variable. On the other hand, PS may ogcur evgn n
GS. cases where the coupled systems show no GS, i.e., GS is the

stronger property. We hope that these results stimulate fur-

N ther research on the details of the relation between GS, PS
As can be seen near=0.18 a transition from 1 to 0 takes 4nq other types of synchronization in uni-directionally as

place_lndlcatlng the occurrence of G_S. This transition, hows, el as bidirectionally coupled systems.
ever, is rather smooth compared to Fig. 2. We conjecture that
this is due to the fact that the functidnis in general quite The authors thank M. Rosenblum, A. Pikovsky, and J.
complicated if the response system is only weakly passiveKurths for sending us their paper on phase synchronization
i.e., near the threshold value of the coupl[d®]. Whenc is  prior to publication. Furthermore, we thank them as well as
increased further the termcys in Eq. (3) leads to a more G. Ossipov for stimulating discussions on chaotic synchroni-
and more stable system and the functibn becomes zation. This work is supported by a binational German-
smoother. Of course, the smoother the functiothe more  Macedonian projectNo. 6.J1A.6.A.

FIG. 6. Nearest neighbors test for GS applied to the experimen
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